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Limit distribution of a time-dependent quantum
walk on the half line
Takuya Machida
Abstract We focus on a 2-period time-dependent quantum walk on the half
line in this paper. The quantum walker launches at the edge of the half line in
a localized superposition state and its time evolution is carried out with two
unitary operations which are alternately cast to the quantum walk. As a result,
long-time limit finding probabilities of the quantum walk turn to be determined
by either one of the two operations, but not both. More interestingly, the limit
finding probabilities are independent from the localized initial state. We will
approach the appreciated features via a quantum walk on the line which is
able to reproduce the time-dependent walk on the half line.
Keywords Time-dependent quantum walk · Half line · Limit distribution
1 Introduction
As one of the quantum counterparts of random walks, quantum walks have
been investigated since around 2000 and many features of them have been dis-
covered. The most appreciated feature is that probability distributions of the
quantum walks show ballistic spread as their time evolutions are promoting.
Also the probability distributions are not similar to the Gauss distributions
which are known for the approximate distributions of random walks. The in-
triguing features have been applied for quantum algorithms and turned out to
prove that the algorithms can perform quadratic speed-up [1].
In this paper we focus on a quantum walk on the half line and attempt
to get its long-time limit distributions. This study is motivated on long-time
limit distributions because they describe how the quantum walkers behave
after long-time, and the limit distributions for time-dependent quantum walks
have not been derived. The walker moves around the locations represented by
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the set of non-negative integers {0, 1, 2, . . .}. Limit distributions were analyzed
for several quantum walks on the half line in the past studies [2,3,4]. While we
take care of a time-dependent quantum walk in this study, the past researches
on quantum walks on the half line were all for time-independent walks. Konno
and Segawa [2] found long-time limit measures of two types of quantum walk
on the half line. Each type had a large mass in distribution and the mass was
described as localization. The presence of localization allowed them to derive
limit measures with which where the quantum walker was observed after its
unitary evolution ran infinite times. On the other hand, a limit theorem on a
rescaled space by time was proved by Liu and Petulante [3]. The limit theorem
depicted the approximate and global shape of the probability distribution of
a quantum walk on the half line. Machida [4] discovered a relation between
a quantum walk on the half line and a quantum walk on the line which held
the infinite locations represented by the set of integers Z = {0,±1,±2, . . .}.
From the result, exact representations for the probability distributions of the
quantum walk on the half line were revealed, and their limit distributions were
computed by Fourier analysis.
As mentioned earlier, we will study a time-dependent quantum walk and
aim at its long-time limit distributions. Starting with a numerical study [5],
time-dependent quantum walks were numerically examined (e.g. [6,7]) and the-
oretically analyzed [8,9,10,11,12]. Particularly, a long-time limit distribution
of a 2-period time-dependent quantum walk on the line was investigated [8],
and five years after the paper was published, the same kind of limit distribu-
tion of a 3-period time-dependent quantum walk on the line came out [12].
Both quantum walks had specific features and their limit distributions com-
pletely reproduced the features. With the methods appearing in the papers [4,
8], we will approach long-time limit distributions of the quantum walk on the
half line in this paper.
In the subsequent section, we start off with the definition of the 2-period
time-dependent quantum walk on the half line in which the initial state of
the walker localizes. The dependency on time is expressed in the dynamics
of the walk by the alternate usage of two unitary operations. In the same
section, we introduce a 2-period time-dependent quantum walk on the line. If
the quantum walk on the line launches with a suitable delocalized initial state,
it reproduces all the information of the time-dependent quantum walk on the
half line. Using the limit distributions of the 2-period time-dependent quantum
walk on the line, we approach the limit distributions of the time-dependent
quantum walk on the half line. In Sec. 4, this study will be wrapped up along
with discussion. We also see exact representations for probability distributions
of a time-independent quantum walk on the half line in Appendix. Managing
a past study [13] and one of the results in this paper, one may lead to the
representations.
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2 2-period time-dependent quantum walk on the half line and
quantum walk on the line
Time-dependent quantum walks are defined as the walks whose unitary oper-
ations update in parallel with the evolution of their systems. In this section
we first define the system of quantum walk on the half line and then update it
with two unitary operations. Since the unitary operations are used in tempo-
rally alternate shifts, let us call the walk a 2-period time-dependent quantum
walk on the half line.
The quantum walk can be expressed on a linear system and it is given as
a tensor of two Hilbert spaces. One of the spaces represents the positions of
the walker and the other represents the inner states which are interpreted as
spin states in terms of physics. The position space, represented by HHLp , is
spanned by the orthonormal basis {|x〉 : x ∈ {0, 1, 2, . . .}}, and the inner state
space, represented by Hc, is spanned by the orthonormal basis {|0〉 , |1〉}. As
defined right now, the quantum walker has two inner states 0 and 1, expressed
as |0〉 and |1〉 respectively on the Hilbert space Hc, and they are physically
considered as the down-spin state and the up-spin state. That is, keeping a
superposition of two inner states, the walker exists on the half line indicated
by the set of non-negative integers {0, 1, 2, . . .}.
Now that the system of quantum walk has been defined, let us describe the
system at time t (= 0, 1, 2, . . .) by |Ψt〉 ∈ HHLp ⊗Hc and give an evolution to it.
The evolution is determined dependently on whether the time of the system
is even or odd,
|Ψt+1〉 =
{
S˜HLC˜1
HL |Ψt〉 (t = 0, 2, 4, . . .),
S˜HLC˜2
HL |Ψt〉 (t = 1, 3, 5, . . .),
(1)
where
C˜1
HL
=
∞∑
x=0
|x〉 〈x| ⊗ C1, (2)
C˜2
HL
=
∞∑
x=0
|x〉 〈x| ⊗ C2, (3)
S˜HL = |0〉 〈0| ⊗ |1〉 〈0|+
∞∑
x=1
|x− 1〉 〈x| ⊗ |0〉 〈0|+
∞∑
x=0
|x+ 1〉 〈x| ⊗ |1〉 〈1| ,
(4)
with
C1 =cos θ1 |0〉 〈0|+ sin θ1 |0〉 〈1|+ sin θ1 |1〉 〈0| − cos θ1 |1〉 〈1|
=c1 |0〉 〈0|+ s1 |0〉 〈1|+ s1 |1〉 〈0| − c1 |1〉 〈1| , (5)
C2 =cos θ2 |0〉 〈0|+ sin θ2 |0〉 〈1|+ sin θ2 |1〉 〈0| − cos θ2 |1〉 〈1|
=c2 |0〉 〈0|+ s2 |0〉 〈1|+ s2 |1〉 〈0| − c2 |1〉 〈1| . (6)
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in which cos θ1, sin θ1, cos θ2, and sin θ2 have been shortly written as c1, s1, c2,
and s2 respectively. The values of parameters θ1 and θ2 are supposed to stay
in the interval [0, 2pi). In this study, the quantum walker is set in a localized
state at time 0,
|Ψ0〉 = |0〉 ⊗ (α |0〉+ β |1〉) , (7)
with |α|2 + |β|2 = 1 (α, β ∈ C), and the system iterates Eq. (1). The letter C
denotes the set of complex numbers.
The study of quantum walks normally aims at finding where the walkers
exist after their updates, and their positions are observed with probability
laws. The finding probability of the walker with inner state j ∈ {0, 1} at
position x ∈ {0, 1, 2, . . .} is given by
P(XHLt = x; j) = 〈Ψt|
(
|x〉 〈x| ⊗ |j〉 〈j|
)
|Ψt〉 , (8)
where XHLt indicates the position of the walker on the half line. If we observe
just the position without considering the inner states, the finding probability
should be defined as the sum of the finding probabilities based on Eq. (8),
P(XHLt = x) =
1∑
j=0
P(XHLt = x; j) = 〈Ψt|
(
|x〉 〈x| ⊗
1∑
j=0
|j〉 〈j|
)
|Ψt〉 . (9)
These finding probabilities output Figs. 1, 2, 3, and 4. Viewing Figs. 1 and
2, we can get the representative features of quantum walks, that is, the dis-
tributions hold a sharp peak and spread out in proportion to time t. Fig-
ures 3 and 4 should be appreciated because there seems to be a region where
the distributions are determined by either θ1 or θ2, but not both. For in-
stance, seeing Fig. 3-(a), we realize that the distribution seems to be inde-
pendent from θ1 as long as the parameter θ1 picks a value from the region
[0, pi/4]∪ [3pi/4, 5pi/4]∪ [7pi/4, 2pi). That fact will indeed make sense when the
limit distributions show up in Theorem 1.
(a) P(XHL
500
= x; 0) (b) P(XHL
500
= x; 1) (c) P(XHL
500
= x)
Fig. 1 θ1 = pi/3, θ2 = pi/4 : After the quantum walker has iterated its update 500 times,
we get the finding probabilities shown in these pictures. (α = 1/
√
2, β = i/
√
2)
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(a) P(XHL
t
= x; 0) (b) P(XHL
t
= x; 1) (c) P(XHL
t
= x)
Fig. 2 θ1 = pi/3, θ2 = pi/4 : The distributions spread out in proportion to time t as the
quantum walk is getting updated. (α = 1/
√
2, β = i/
√
2)
(a) P(XHL
150
= x; 0) (b) P(XHL
150
= x; 1) (c) P(XHL
150
= x)
Fig. 3 θ2 = pi/4 : These pictures show how far the distributions spread out at time 150,
dependently on the parameter θ1. (α = 1/
√
2, β = i/
√
2)
It was proved in Machida [4] that a time-independent quantum walk on
the half line, that happened when the parameters θ1 and θ2 took the same
value, was reproduced by a time-independent quantum walk on the line. In
this section we will see the system of time-dependent quantum walk on the
half line can be also copied by a time-dependent quantum walk on the line.
The position Hilbert space of the quantum walk on the line, represented by
HLp , is spanned by the orthonormal basis {|x〉 : x ∈ Z}. On the other hand, the
inner state space is described by the same thing as the one for the quantum
walk on the half line, the Hilbert space Hc. Then, the system of quantum walk
on the line at time t ∈ {0, 1, 2, . . .}, represented by |Φt〉 ∈ HLp ⊗ Hc, gets a
2-periodic unitary evolution,
|Φt+1〉 =
{
S˜LC˜1
L |Φt〉 (t = 0, 2, 4, . . .),
S˜LC˜2
L |Φt〉 (t = 1, 3, 5, . . .),
(10)
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(a) P(XHL
150
= x; 0) (b) P(XHL
150
= x; 1) (c) P(XHL
150
= x)
Fig. 4 θ1 = pi/3 : These pictures show how far the distributions spread out at time 150,
dependently on the parameter θ2. (α = 1/
√
2, β = i/
√
2)
where
C˜1
L
=
∑
x∈Z
|x〉 〈x| ⊗ C1, (11)
C˜2
L
=
∑
x∈Z
|x〉 〈x| ⊗ C2, (12)
S˜L =
∑
x∈Z
|x− 1〉 〈x| ⊗ |0〉 〈0|+ |x+ 1〉 〈x| ⊗ |1〉 〈1| , (13)
in which the unitary operations C1 and C2 are the ones given in Eqs. (5)
and (6). Setting up a possibly delocalized initial state, also simply called a
delocalized initial state, on the quantum walk on the line,
|Φ0〉 = |−1〉 ⊗ (α−1 |0〉+ β−1 |1〉) + |0〉 ⊗ (α0 |0〉+ β0 |1〉) , (14)
with |α−1|2 + |β−1|2 + |α0|2 + |β0|2 = 1 (α−1, β−1, α0, β0 ∈ C), we will realize
a relation between the quantum walk on the half line and the quantum walk
on the line, as shown in Lemma 1 later.
Similarly to Eq. (8), the walker in inner state j ∈ {0, 1} is observed at
position x ∈ Z on the line with probability
P(Y Lt = x; j) = 〈Φt|
(
|x〉 〈x| ⊗ |j〉 〈j|
)
|Φt〉 , (15)
and the finding probability regardless of the inner states should be defined as
the sum over the two inner states,
P(Y Lt = x) =
1∑
j=0
P(Y Lt = x; j) = 〈Φt|
(
|x〉 〈x| ⊗
1∑
j=0
|j〉 〈j|
)
|Φt〉 , (16)
where Y Lt represents the position of the quantum walker on the line launching
with the delocalized initial state given in Eq. (14). As shown in Figs. 5 and 6,
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each finding probability at a moment contains two sharp peaks and linearly
spreads out as time t goes up. Figures 7 and 8 tell us that the dependency
on the parameters θ1 and θ2 has the same feature that we already viewed in
Figs. 3 and 4.
(a) P(Y L
500
= x; 0) (b) P(Y L
500
= x; 1) (c) P(Y L
500
= x)
Fig. 5 θ1 = pi/3, θ2 = pi/4 : Finding probabilities of the quantum walker on the line at
time 500 when the walker launches at time 0 with the delocalized initial state in Eq. (14).
(α
−1 = 1/
√
2, β
−1 = 0, α0 = 1/
√
2, β0 = 0)
(a) P(Y L
t
= x; 0) (b) P(Y L
t
= x; 1) (c) P(Y L
t
= x)
Fig. 6 θ1 = pi/3, θ2 = pi/4 : Each distribution is spreading out as time t goes up, and its
behavior is ballistic. (α
−1 = 1/
√
2, β
−1 = 0, α0 = 1/
√
2, β0 = 0)
Let ξ ∈ {1, 2} be the subscription such that |cξ| = min {|c1|, |c2|}. Then
we get limit distributions of the quantum walk on the line. For θ1, θ2 6=
0, pi/2, pi, 3pi/2, the distributions of the random variable Y Lt /t converge to in-
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(a) P(Y L
150
= x; 0) (b) P(Y L
150
= x; 1) (c) P(Y L
150
= x)
Fig. 7 θ2 = pi/4 : These pictures show how the distributions depend on the parameter θ1.
(α
−1 = 1/
√
2, β
−1 = 0, α0 = 1/
√
2, β0 = 0)
(a) P(Y L
150
= x; 0) (b) P(Y L
150
= x; 1) (c) P(Y L
150
= x)
Fig. 8 θ1 = pi/3 : These pictures show how the distributions depend on the parameter θ2.
(α
−1 = 1/
√
2, β
−1 = 0, α0 = 1/
√
2, β0 = 0)
tegral representations as t→∞,
lim
t→∞
P
(
Y Lt
t
≤ x; 0
)
=
∫ x
−∞
|sξ|
2pi(1 + y)
√
c2ξ − y2
η(y)I(−|cξ|,|cξ|)(y) dy, (17)
lim
t→∞
P
(
Y Lt
t
≤ x; 1
)
=
∫ x
−∞
|sξ|
2pi(1− y)
√
c2ξ − y2
η(y)I(−|cξ|,|cξ|)(y) dy, (18)
lim
t→∞
P
(
Y Lt
t
≤ x
)
=
∫ x
−∞
|sξ|
pi(1 − y2)
√
c2ξ − y2
η(y)I(−|cξ|,|cξ|)(y) dy, (19)
where
η(x) = 1−
(
|α−1|2 + |α0|2 − |β−1|2 − |β0|2 + 2s1ℜ(α−1β−1 + α0β0)
c1
)
x,
(20)
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in which ℜ(z) means the real part of a complex number z. These limit distri-
butions can be computed by Fourier analysis which was applied for a time-
dependent quantum walk with a localized initial state [8]. However, since the
computation for Eqs. (17), (18), and (19) is almost same as that for the limit
distribution shown in the past study [8], the proof is omitted in this paper.
Here, we will understand that the quantum walk on the line with a delo-
calized initial state can hold all the information, leveled at amplitude, about
the quantum walk on the line with a localized initial state. With the represen-
tations
|Ψt〉 =
∞∑
x=0
|x〉 ⊗
(
αt(x) |0〉+ βt(x) |1〉
)
, (21)
|Φt〉 =
∑
x∈Z
|x〉 ⊗
(
γt(x) |0〉+ δt(x) |1〉
)
, (22)
where αt(x), βt(x), γt(x), and δt(x) have to be complex numbers, a desired
connection comes up as the following lemma.
Lemma 1 Let α−1, β−1, α0, and β0 be the real numbers such that
α−1 = ℑ(β), β−1 = −ℑ(α), α0 = ℜ(α), β0 = ℜ(β), (23)
from which the delocalized initial state becomes of the form
|Φ0〉 = |−1〉 ⊗
(
ℑ(β) |0〉 − ℑ(α) |1〉
)
+ |0〉 ⊗
(
ℜ(α) |0〉+ ℜ(β) |1〉
)
. (24)
The letters ℜ(z) and ℑ(z) indicate the real part and the imaginary part of a
complex number z respectively. Then, for x = 0, 1, 2, . . ., we have
α2t(2x) =γ2t(2x)− iδ2t(−2x− 1), (25)
β2t(2x) =δ2t(2x) + iγ2t(−2x− 1), (26)
α2t(2x+ 1) =δ2t(−2x− 2) + iγ2t(2x+ 1), (27)
β2t(2x+ 1) =− γ2t(−2x− 2) + iδ2t(2x+ 1), (28)
α2t+1(2x) =− δ2t+1(−2x− 1) + iγ2t+1(2x), (29)
β2t+1(2x) =γ2t+1(−2x− 1) + iδ2t+1(2x), (30)
α2t+1(2x+ 1) =γ2t+1(2x+ 1) + iδ2t+1(−2x− 2), (31)
β2t+1(2x+ 1) =δ2t+1(2x+ 1)− iγ2t+1(−2x− 2). (32)
Proof Since the initial states imply
α0(0) = α, β0(0) = β, (33)
α0(x) = β0(x) = 0 (x = 1, 2, . . .), (34)
γ0(−1) = ℑ(β), δ0(−1) = −ℑ(α), γ0(0) = ℜ(α), δ0(0) = ℜ(β), (35)
γ0(x) = δ0(x) = 0 (x = 1,±2,±3, . . .), (36)
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we see Eqs. (25)–(28) for t = 0,


α0(0) = α,
γ0(0)− iδ0(−1) = ℜ(α)− i(−ℑ(α)) = ℜ(α) + iℑ(α) = α,
β0(0) = β,
δ0(0) + iγ0(−1) = ℜ(β) + iℑ(β) = β,
(37)


α0(2x) = 0,
γ0(2x)− iδ0(−2x− 1) = 0− i · 0 = 0,
β0(2x) = 0,
δ0(2x) + iγ0(−2x− 1) = 0 + i · 0 = 0,
(x = 1, 2, . . .), (38)


α0(2x+ 1) = 0,
δ0(−2x− 2) + iγ0(2x+ 1) = 0 + i · 0 = 0,
β0(2x+ 1) = 0,
−γ0(−2x− 2) + iδ0(2x+ 1) = −0 + i · 0 = 0,
(x = 0, 1, 2, . . .). (39)
On the other hand, assuming Eqs. (25)–(28) are true, Eqs. (29)–(32) are de-
rived by the usage of the assumption,
α2t+1(0) =c1α2t(1) + s1β2t(1)
=c1 {δ2t(−2) + iγ2t(1)}+ s1 {−γ2t(−2) + iδ2t(1)}
=− {s1γ2t(−2)− c1δ2t(−2)}+ i {c1γ2t(1) + s1δ2t(1)}
=− δ2t+1(−1) + iγ2t+1(0), (40)
β2t+1(0) =c1α2t(0) + s1β2t(0)
=c1 {γ2t(0)− iδ2t(−1)}+ s1 {δ2t(0) + iγ2t(−1)}
=c1γ2t(0) + s1δ2t(0) + i {s1γ2t(−1)− c1δ2t(−1)}
=γ2t+1(−1) + iδ2t+1(0), (41)
α2t+1(2x) =c1α2t(2x+ 1) + s1β2t(2x+ 1)
=c1 {δ2t(−2x− 2) + iγ2t(2x+ 1)}+ s1 {−γ2t(−2x− 2) + iδ2t(2x+ 1)}
=− {s1γ2t(−2x− 2)− c1δ2t(−2x− 2)}+ i {c1γ2t(2x+ 1) + s1δ2t(2x+ 1)}
=− δ2t+1(−2x− 1) + iγ2t+1(2x) (x = 1, 2, . . .), (42)
β2t+1(2x) =s1α2t(2x− 1)− c1β2t(2x− 1)
=s1 {δ2t(−2x) + iγ2t(2x− 1)} − c1 {−γ2t(−2x) + iδ2t(2x− 1)}
=c1γ2t(−2x) + s1δ2t(−2x) + i {s1γ2t(2x− 1)− c1δ2t(2x− 1)}
=γ2t+1(−2x− 1) + iδ2t+1(2x) (x = 1, 2, . . .), (43)
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α2t+1(2x+ 1) =c1α2t(2x+ 2) + s1β2t(2x+ 2)
=c1 {γ2t(2x+ 2)− iδ2t(−2x− 3)}+ s1 {δ2t(2x+ 2) + iγ2t(−2x− 3)}
=c1γ2t(2x+ 2) + s1δ2t(2x+ 2) + i {s1γ2t(−2x− 3)− c1δ2t(−2x− 3)}
=γ2t+1(2x+ 1) + iδ2t+1(−2x− 2) (x = 0, 1, 2, . . .), (44)
β2t+1(2x+ 1) =s1α2t(2x)− c1β2t(2x)
=s1 {γ2t(2x)− iδ2t(−2x− 1)} − c1 {δ2t(2x) + iγ2t(−2x− 1)}
=s1γ2t(2x)− c1δ2t(2x)− i {c1γ2t(−2x− 1) + s1δ2t(−2x− 1)}
=δ2t+1(2x+ 1)− iγ2t+1(−2x− 2) (x = 0, 1, 2, . . .). (45)
In a similar way, assuming Eqs. (29)–(32) allows us to hold Eqs. (25)–(28) in
which t is replaced with t+ 1,
α2t+2(0) =c2α2t+1(1) + s2β2t+1(1)
=c2 {γ2t+1(1) + iδ2t+1(−2)}+ s2 {δ2t+1(1)− iγ2t+1(−2)}
=c2γ2t+1(1) + s2δ2t+1(1)− i {s2γ2t+1(−2)− c2δ2t+1(−2)}
=γ2t+2(0)− iδ2t+2(−1), (46)
β2t+2(0) =c2α2t+1(0) + s2β2t+1(0)
=c2 {−δ2t+1(−1) + iγ2t+1(0)}+ s2 {γ2t+1(−1) + iδ2t+1(0)}
=s2γ2t+1(−1)− c2δ2t+1(−1) + i {c2γ2t+1(0) + s2δ2t+1(0)}
=δ2t+2(0) + iγ2t+2(−1), (47)
α2t+2(2x) =c2α2t+1(2x+ 1) + s2β2t+1(2x+ 1)
=c2 {γ2t+1(2x+ 1) + iδ2t+1(−2x− 2)}+ s2 {δ2t+1(2x+ 1)− iγ2t+1(−2x− 2)}
=c2γ2t+1(2x+ 1) + s2δ2t+1(2x+ 1)− i {s2γ2t+1(−2x− 2)− c2δ2t+1(−2x− 2)}
=γ2t+2(2x)− iδ2t+2(−2x− 1) (x = 1, 2, . . .), (48)
β2t+2(2x) =s2α2t+1(2x− 1)− c2β2t+1(2x− 1)
=s2 {γ2t+1(2x− 1) + iδ2t+1(−2x)} − c2 {δ2t+1(2x− 1)− iγ2t+1(−2x)}
=s2γ2t+1(2x− 1)− c2δ2t+1(2x− 1) + i {c2γ2t+1(−2x) + s2δ2t+1(−2x)}
=δ2t+2(2x) + iγ2t+2(−2x− 1) (x = 1, 2, . . .), (49)
α2t+2(2x+ 1) =c2α2t+1(2x+ 2) + s2β2t+1(2x+ 2)
=c2 {−δ2t+1(−2x− 3) + iγ2t+1(2x+ 2)}+ s2 {γ2t+1(−2x− 3) + iδ2t+1(2x+ 2)}
=s2γ2t+1(−2x− 3)− c2δ2t+1(−2x− 3) + i {c2γ2t+1(2x+ 2) + s2δ2t+1(2x+ 2)}
=δ2t+2(−2x− 2) + iγ2t+2(2x+ 1) (x = 0, 1, 2, . . .), (50)
β2t+2(2x+ 1) =s2α2t+1(2x)− c2β2t+1(2x)
=s2 {−δ2t+1(−2x− 1) + iγ2t+1(2x)} − c2 {γ2t+1(−2x− 1) + iδ2t+1(2x)}
=− {c2γ2t+1(−2x− 1) + s2δ2t+1(−2x− 1)}+ i {s2γ2t+1(2x)− c2δ2t+1(2x)}
=− γ2t+2(−2x− 2) + iδ2t+2(2x+ 1) (x = 0, 1, 2, . . .).
(51)
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Combining Eqs. (37)–(51), one can tell the statement of Lemma 1 by mathe-
matical induction.
Lemma 2 If the walker on the line starts off with the initial state
|Φ0〉 = |−1〉 ⊗
(
ℑ(β) |0〉 − ℑ(α) |1〉
)
+ |0〉 ⊗
(
ℜ(α) |0〉+ ℜ(β) |1〉
)
, (52)
its probability distributions reproduce those of the walker on the half line,
P(XHLt = x; 0) =P(Y
L
t = −x− 1; 1) + P(Y Lt = x; 0), (53)
P(XHLt = x; 1) =P(Y
L
t = −x− 1; 0) + P(Y Lt = x; 1), (54)
P(XHLt = x) =P(Y
L
t = −x− 1) + P(Y Lt = x), (55)
which hold for x = 0, 1, 2, . . ..
Proof Noting that the complex numbers γt(x) and δt(x) stay in the set of real
numbers because of the initial state in Eq. (52), Lemma 1 finds
|αt(x)|2 =|γt(x)|2 + |δt(−x− 1)|2, (56)
|βt(x)|2 =|γt(−x− 1)|2 + |δt(x)|2. (57)
Expressing these equations with the probability distributions, we realize the
statement of Lemma 2.
The numerical experiments carried out in Fig. 9 support the validity of
Lemma 2. The bars depict the distributions of the quantum walk on the half
line, and the circles are estimated by the right hand sides of Eqs. (53), (54),
and (55).
(a) P(XHL
20
= x; 0) (b) P(XHL
20
= x; 1) (c) P(XHL
20
= x)
Fig. 9 θ1 = pi/3, θ2 = pi/4 : The blue bars show the distributions of the quantum walk on
the half line at t = 20. The red circles are obtained from the right hand sides of Eqs. (53),
(54), and (55) as t = 20.
Now, recalling the subscription ξ ∈ {1, 2} such that |cξ| = min {|c1|, |c2|},
we reach our target, that is, limit distributions of the time-dependent quantum
walk on the half line.
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Theorem 1 Assume that θ1, θ2 6= 0, pi/2, pi, 3pi/2. For a real number x, we
have
lim
t→∞
P
(
XHLt
t
≤ x; 0
)
=
∫ x
−∞
|sξ|
pi(1 + y)
√
c2ξ − y2
I[0,|cξ|)(y) dy, (58)
lim
t→∞
P
(
XHLt
t
≤ x; 1
)
=
∫ x
−∞
|sξ|
pi(1− y)
√
c2ξ − y2
I[0,|cξ|)(y) dy, (59)
lim
t→∞
P
(
XHLt
t
≤ x
)
=
∫ x
−∞
2|sξ|
pi(1− y2)
√
c2ξ − y2
I[0,|cξ|)(y) dy. (60)
Proof With Lemma 2, we can derive these limit distributions. When the quan-
tum walk on the line starts with the initial state
|Φ0〉 = |−1〉 ⊗
(
ℑ(β) |0〉 − ℑ(α) |1〉
)
+ |0〉 ⊗
(
ℜ(α) |0〉+ ℜ(β) |1〉
)
, (61)
the function η(x), which is a part of the limit density functions of the walk in
Eq. (20), has the representation
η(x) = 1−

ℜ(α)2 −ℑ(α)2 −
(
ℜ(β)2 −ℑ(β)2
)
+
2s1
(
ℜ(α)ℜ(β) −ℑ(α)ℑ(β)
)
c1

 x
= 1−
(
ℜ(α2)−ℜ(β2) + 2s1ℜ(αβ)
c1
)
x = 1−ℜ
(
α2 − β2 + 2s1
c1
αβ
)
x.
(62)
Keeping in mind the relation shown in Eq. (53), we make a computation of
the long-time limit probability law that the quantum walker on the half line
is observed in inner state 0. For a non-negative real number x, the finding
probability as t →∞ is given by the limit distributions of the quantum walk
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on the line,
lim
t→∞
P
(
XHLt
t
≤ x; 0
)
= lim
t→∞
P
(
−x ≤ Y
L
t
t
< 0; 1
)
+ lim
t→∞
P
(
0 ≤ Y
L
t
t
≤ x; 0
)
=
∫ 0
−x
|sξ|
2pi(1− y)
√
c2ξ − y2
{
1−ℜ
(
α2 − β2 + 2s1
c1
αβ
)
y
}
I(−|cξ|, |cξ|)(y) dy
+
∫ x
0
|sξ|
2pi(1 + y)
√
c2ξ − y2
{
1−ℜ
(
α2 − β2 + 2s1
c1
αβ
)
y
}
I(−|cξ|, |cξ|)(y) dy
=
∫ x
0
|sξ|
2pi(1 + y)
√
c2ξ − y2
{
1 + ℜ
(
α2 − β2 + 2s1
c1
αβ
)
y
}
I(−|cξ|, |cξ|)(y) dy
+
∫ x
0
|sξ|
2pi(1 + y)
√
c2ξ − y2
{
1−ℜ
(
α2 − β2 + 2s1
c1
αβ
)
y
}
I(−|cξ|, |cξ|)(y) dy
=
∫ x
0
|sξ|
pi(1 + y)
√
c2ξ − y2
I(−|cξ|, |cξ|)(y) dy =
∫ x
−∞
|sξ|
pi(1 + y)
√
c2ξ − y2
I[0, |cξ|)(y) dy.
(63)
The other finding probabilities come from Eqs. (54) and (55) as well,
lim
t→∞
P
(
XHLt
t
≤ x; 1
)
= lim
t→∞
P
(
−x ≤ Y
L
t
t
< 0; 0
)
+ lim
t→∞
P
(
0 ≤ Y
L
t
t
≤ x; 1
)
=
∫ x
−∞
|sξ|
pi(1 − y)
√
c2ξ − y2
I[0, |cξ|)(y) dy, (64)
lim
t→∞
P
(
XHLt
t
≤ x
)
= lim
t→∞
P
(
−x ≤ Y
L
t
t
< 0
)
+ lim
t→∞
P
(
0 ≤ Y
L
t
t
≤ x
)
=
∫ x
−∞
2|sξ|
pi(1 − y2)
√
c2ξ − y2
I[0, |cξ|)(y) dy. (65)
Since the walker on the half line, which consists of the non-negative positions
in this paper, never be observed at the negative positions, these equations are
also true for x < 0 due to the presence of the indicator function I[0, |cξ|)(y).
Hence, one may arrive at Theorem 1.
Taking a good look at the limit distributions in Theorem 1, we realize
that they do not depend on the complex numbers α and β which produce
the localized initial state of the quantum walk on the half line. Also, while
the quantum walk on the half line is operated by both U1 and U2, its limit
distributions are determined by either U1 or U2, but not both, because the
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index ξ is definined by cos θξ = min {| cos θ1|, | cos θ2|}. One can, hence, get
approximations independent from the complex numbers α and β,
lim
t→∞
P
(
XHLt = x; 0
) ∼ |sξ|t
pi(t+ x)
√
(cξt)2 − x2
I[0,|cξ|t)(x), (66)
lim
t→∞
P
(
XHLt = x; 1
) ∼ |sξ|t
pi(t− x)√(cξt)2 − x2 I[0,|cξ|t)(x), (67)
lim
t→∞
P
(
XHLt = x
) ∼ 2|sξ|t2
pi(t2 − x2)√(cξt)2 − x2 I[0,|cξ|t)(x). (68)
Since the right hand sides have the parameters cξ = cos θξ and sξ = sin θξ, it
is figured out that the asymptotic behavior of the quantum walk as t → ∞
is featured by only one of the unitary operations U1 and U2. The approxi-
mations indeed catch the features of the probability distributions P(XHLt =
x; 0),P(XHLt = x; 1), and P(X
HL
t = x) at time 500, as shown in Figures 10,
11, and 12. These pictures show up when the parameters of the unitary oper-
ations U1 and U2 are set as θ1 = pi/3 and θ2 = pi/4 respectively. Note that all
the graphs plotted by Eq. (66) in the pictures (a), represented by circles, are
same, and it is also said for the pictures (b) and (c) because of Eqs. (67) and
(68).
(a) P(XHL
t
= x; 0) (b) P(XHL
t
= x; 1) (c) P(XHL
t
= x)
Fig. 10 α = 1/
√
2, β = i/
√
2 : The blue lines show the probability distributions of the time-
dependent quantum walk on the half line at time 500. The red circles indicate values obtained
from the approximations in Eqs. (66), (67), and (68) as t = 500. (θ1 = pi/3, θ2 = pi/4)
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(a) P(XHL
t
= x; 0) (b) P(XHL
t
= x; 1) (c) P(XHL
t
= x)
Fig. 11 α = 1, β = 0 : The blue lines show the probability distributions of the time-
dependent quantum walk on the half line at time 500. The red circles indicate values obtained
from the approximations in Eqs. (66), (67), and (68) as t = 500. (θ1 = pi/3, θ2 = pi/4)
(a) P(XHL
t
= x; 0) (b) P(XHL
t
= x; 1) (c) P(XHL
t
= x)
Fig. 12 α = 0, β = 1 : The blue lines show the probability distributions of the time-
dependent quantum walk on the half line at time 500. The red circles indicate values obtained
from the approximations in Eqs. (66), (67), and (68) as t = 500. (θ1 = pi/3, θ2 = pi/4)
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3 Time-independent quantum walk on the half line
We see exact representations for the probability distributions of a time-independent
quantum walk on the half line in Machida [4]. They were, however, the re-
sult for a special initial state. On the other hand, since Lemma 2 was also
available for the time-independent quantum walk on the half line, one can
say the exact representations for the probability distributions of the time-
independent quantum walk with a general localized initial state. If a value
θ ∈ [0, 2pi) is substituted to both the parameters θ1 and θ2, the quantum
walk on the half line becomes a time-independent walk. Making the most of
the result given in Konno [13] under the assumption θ 6= 0, pi/2, pi, 3pi/2, we
can see representations for the positive values of the probability distribution
P(XHLt = x) (t = 1, 2, . . .). For m = 1, 2, . . . , [t/2], writing cos θ and sin θ as c
and s respectively, we have
P(XHLt = t− 2m)
=c2(t−1)
m∑
j1=1
m∑
j2=1
(
−s
2
c2
)j1+j2 (m− 1
j1 − 1
)(
m− 1
j2 − 1
)(
t−m− 1
j1 − 1
)(
t−m− 1
j2 − 1
)
×
(
1
j1j2
)[{
m2c2 + (t−m)2s2 − (j1 + j2)(t−m)
} |α|2
+
{
m2s2 + (t−m)2c2 − (j1 + j2)m
} |β|2
+
1
s2
[{
(t− 2m)(j1 + j2) + 2t(2m− t)s2
}
csℜ(αβ) + j1j2
]]
,
(69)
P(XHLt = t− 2m− 1)
=c2(t−1)
m∑
j1=1
m∑
j2=1
(
−s
2
c2
)j1+j2 (m− 1
j1 − 1
)(
m− 1
j2 − 1
)(
t−m− 1
j1 − 1
)(
t−m− 1
j2 − 1
)
×
(
1
j1j2
)[{
m2s2 + (t−m)2c2 − (j1 + j2)m
} |α|2
+
{
m2c2 + (t−m)2s2 − (j1 + j2)(t−m)
} |β|2
− 1
s2
[{
(t− 2m)(j1 + j2) + 2t(2m− t)s2
}
csℜ(αβ)− j1j2
]]
,
(70)
P(XHLt = t) = c
2(t−1)|sα− cβ|2, (71)
P(XHLt = −t) = c2(t−1)|cα+ sβ|2. (72)
Note that, for a real number x, the floor function [x] outputs the maximum
integer less than or equal to the real number x. The second equation above is
good under the condition m ≤ (t − 1)/2, which comes from t − 2m − 1 ≥ 0.
If we put α = 1/
√
2 and β = i/
√
2, the representations of the probability
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distribution totally agree with the ones demonstrated in Machida [4]. The
values obtained from Eqs. (69)–(72) completely match numerical experiments,
as shown in Fig. 13,
(a) α = 1/
√
2, β = i/
√
2 (b) α = 1, β = 0 (c) α = 0, β = 1
Fig. 13 θ = pi/4 : The blue bars represent P(XHL
20
= x) of the quantum walk on the half
line at time 20. The values computed from Eqs. (69)–(72) as t = 20 are plotted with the red
circles.
More importantly, the representations are related with the probability dis-
tribution of the time-independent quantum walk on the line with the local-
ized initial state |0〉 ⊗ (α |0〉+ β |1〉), which is different from the delocalized
initial state in Eq. (14). Once again, the complex numbers α and β are sup-
posed to satisfy the condition |α|2 + |β|2 = 1. Let P(ZLt = x) (x ∈ Z) be
the probability distribution of the quantum walk on the line with the lo-
calized initial state. Then, looking at the representations for the probabil-
ity distribution P(ZLt = x) shown in Konno [13], one figures out the re-
lation P(XHLt = x) = P(Z
L
t = −x − 1) + P(ZLt = x) (x ∈ {0, 1, 2, . . .})
for which we should note that since the quantum walker launches with the
localized initial state, either P(ZLt = −x − 1) or P(ZLt = x) is certainly
equal to zero. We, hence, can say that the probability distribution of the
time-independent quantum walk on the half line with the localized initial
state |0〉 ⊗ (α |0〉+ β |1〉) is totally described by the probability distribution
of the time-independent quantum walk on the line with the same localized
initial state |0〉⊗ (α |0〉+ β |1〉). Figure 14 numerically shows that the relation
P(XHLt = x) = P(Z
L
t = −x− 1) + P(ZLt = x) is true.
4 Summary
In this paper we studied a time-dependent quantum walk which started off
at the edge of the half line with a localized initial state and repeatedly got
updated with two unitary operations cast to the walk alternately. As Lemma 1
mentioned, the quantum walk had a connection, at the level on amplitude, to
a 2-period time-dependent quantum walk on the line with a delocalized initial
state, and that fact worked for derivation of Theorem 1, that is, limit distribu-
tions for the quantum walk on the half line. To prove the limit distributions,
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(a) α = 1/
√
2, β = i/
√
2 (b) α = 1, β = 0 (c) α = 0, β = 1
Fig. 14 θ = pi/4 : The blue bars represent P(XHL
20
= x) of the quantum walk on the half
line at time 20. The red circles represent the sum of two probabilities P(ZL
20
= −x− 1) and
P(ZL
20
= x) in which ZL
20
means the position of the quantum walker on the line at time 20.
Both quantum walks launch with the localized initial state |0〉 ⊗ (α |0〉+ β |1〉) at time 0.
we first found limit distributions, which were shown in Eqs. (17), (18), and
(19), for the quantum walk on the line. Then, combining those equations and
Lemma 2, we approached the limit distributions of the quantum walk on the
half line. The limit distributions had a compact support dictated by only one
of the two unitary operations. Most remarkably, they were totally independent
from the parameters α and β producing the localized initial state of the quan-
tum walk. Although we took care of a special type of unitary operations in
Eqs. (5) and (6), it would be a future task to struggle with a time-dependent
quantum walk on the half line defined by a general form of unitary operations.
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